A theory of impedance and surface impedance in conductive ferromagnetic films and layered magnetic/conductor structures is presented. The theory is based on solving Maxwell's equations for the magnetic and electric fields and the Landau-Lifshitz equations for the magnetization. The exchange interaction in the magnetic films as well as pinning at surfaces are taken into account. The analytical results obtained demonstrate the importance of the exchange, pinning and also the type of excitation the magnetic systems are subject to in describing their properties at ultrahigh frequencies.
Introduction
This paper presents a theoretical study of impedance and surface impedance of thin magnetic films and multilayers. Impedance and surface impedance are classical topics in electrodynamics and there is an extensive theoretical and experimental literature on the subject [1] [2] [3] [4] . Recently, however, interest has been growing in analysing impedance in thin multilayered magnetic films, which is stipulated by the variety of behaviour exhibited by these systems, some unique properties not found in bulk materials, the ability to tailor the properties by varying the geometry and combinations of materials, as well as a broad range of potential technological applications in such devices as GHz inductors, recording heads, sensors, etc.
Surface impedance,ζ = {ζ ik }, is a tensor quantity relating the tangential components of the electric and magnetic fields at the surface (see e.g. [3] ):
where n is a unit vector along the outward normal to the sample surface and the index τ denotes the tangential component. Impedance, Z, is normally defined as a proportionality factor between an external voltage, V = V 0 exp(−iωt), applied to the sample and the total current, I = I 0 exp(−iωt), induced by this voltage,
Impedance is an integral characteristic of a system, whereas surface impedance is a differential one. The two quantities are known to be closely related. Both quantities are first determined by the same physical processes, namely, interactions of the electromagnetic field with the conduction and magnetic subsystems of the material. Phenomenologically, these interactions are described by Maxwell's equations for electromagnetic fields and the Landau-Lifshitz equations for magnetization dynamics. Both quantities are typical linear response functions of a system to an external electromagnetic excitation and exhibit all general properties of response functions. In particular, being analytical functions of frequency, the impedance and surface impedance satisfy the Kramers-Kronig relations for the real and imaginary parts [3] , and the poles of Z(ω) andζ (ω) determine the frequencies of intrinsic excitations of a system (normal modes). Moreover, in some cases there is a simple relationship between Z and certain components ofζ . The physical origin of this relation is that an energy flux through a sample's surface defined by Poynting's vector, S = (c/4π)[E, H] (c is the speed of light; the Gaussian system of units is used), is proportional to the surface impedance, whereas the impedance governs dissipation of this energy [1] . For example, in a cylindrical conductor of length l and radius r, Z = (2l/cr)ζ zz for voltage applied along the cylinder axis, z. Generally, however, the relationship is more complex.
It is important to note that the surface impedance of a given sample can be different for different types of external excitation. To exemplify this point, let us consider a thin magnetic film, shown in figures 1(a) and (b), and two possible ways of measuring its properties:
(a) To measure the surface impedance of a film (or its effective permeability; see below), we can place the film in a spatially uniform ac field (e.g. in a microwave cavity) and measure the response of the film by sensing pertubations of this ac field. In this configuration, at the film surfaces we have H(−d) = H(d). We will call this case as parallel excitation and the corresponding surface impedanceζ p . (b) We can apply voltage to the sample. The ac current produced creates a circumferential magnetic field of opposite sign at the film surfaces, H(−d) = −H(d).
We denote this case as antiparallel excitation and the corresponding surface impedanceζ a .
This difference in symmetry of the external excitation, which is reflected in the boundary conditions for the magnetic field at the film surfaces, results in the fact that normal modes of different symmetry are excited in the above two cases. Consequently,ζ p andζ a can have substantially different properties (e.g. resonance frequencies). In some limiting cases, e.g. for thick films, this difference is small. Here these considerations are given to clarify the use of various response functions for proper description of differing experimental configurations, and are used below in selecting model systems for theoretical analysis.
Starting with the pioneering work by Ament and Rado [5] , theoretical studies of the surface impedance in metallic ferromagnets have been based on solving Maxwell's equations for electromagnetic fields coupled with the Landau-Lifshitz equations for the magnetization, with appropriate boundary conditions at sample's surfaces and interfaces (if present). Surface impedance in magnets has been shown to be closely related to the ferromagnetic resonance (FMR) and spin wave resonance (SWR) (see e.g. [5] [6] [7] [8] and numerous references therein). For example, the poles ofζ (ω) are determined by the frequencies of normal modes in the magnet, namely, those of FMR and SWR (the so-called Kittel modes [9] ). It is informative to note that, starting with the early studies [5, 10] , theoretical models of surface impedance took into account all fundamental interactions in the magnetic subsystem, including the exchange interaction.
Investigations of impedance of magnetic systems have mostly been related to their technical applications and often assumed that the magnetic material involved can be described by a constant scalar permeability, µ, which relates the magnetic field and induction, B = µH (e.g. [2] ). This approximation is adequate at low frequencies (much smaller than the FMR frequency of the material) and has been used almost universally to calculate impedance for various magnetic structures found in application. A growing interest in using magnetic films at high frequencies has been motivating studies of the response of thin conductive magnets at f > 100 MHz, which is the range of the FMR and SWR with the permeability of the material strongly dependent on frequency, µ = µ(ω). Therefore, in order to adequately describe impedance of thin magnetic structures at GHz frequencies, an approach similar to that for surface impedance should be used: Maxwell's electromagnetic equations must be solved taking into account the magnetization dynamics and fundamental interactions in the magnetic material.
High-frequency impedance and surface impedance of magnetic layered systems have recently been analysed in relation to their potential technological applications [12] [13] [14] . In these, as in many other studies on the subject, the dynamics of magnetic subsystem is described using the magnetostatic approximation, which neglects the exchange interaction in the magnetic films. In this approximation, the linearized LandauLifshitz equations are used to express the magnetization in terms of the magnetic field, m =χ(ω)H, the procedure that reduces the problem to solving Maxwell's equations with B =μ(ω)H, whereμ =Î + 4πχ is the permeability tensor (Î is the unit matrix). The spin wave spectrum of a conductive ferromagnetic film has also been analysed [15] by neglecting the exchange interaction.
It is well known from the theory of surface impedance, however, that the exchange interaction can play a significant role at high frequencies. In particular, it can lead to a shift in the FMR frequency [5] , additional resonances (SWR) and antiresonances. It should, therefore, be expected that the exchange interaction plays a role in impedance as well. Recently, the impedance (and magneto-impedance) of a ferromagnetic wire [16] and a single-layer film [17] has been analysed by taking into account the exchange contribution, which was shown to be important.
Modelling the exchange interaction in films, i.e. accounting for space dispersion, requires additional boundary conditions for the magnetization vector at the film surfaces. In the general case, these boundary conditions can be written in the form (see e.g. [4, 6] and references therein)
where ∂/∂n denotes a derivative with respect to the external normal to the surface, ξ is the so-called pinning parameter and |S means that the corresponding value is taken at a surface or interface. The origin of pinning is usually a thin surface layer, in which the anisotropy differs from that in the interior of the film. If the thickness of this surface layer is much smaller than the total film thickness, then the pinning can be described phenomenologically by introducing a pinning parameter (ξ ) that can be both positive and negative. The limiting case ξ = 0 corresponds to free spins at the surface [5] . In the opposite limit, ξ → ∞, the spins are completely pinned [9] . The important role of pinning has been demonstrated for spin wave spectra in nonconductive magnetic films (see e.g. [6] and numerous references therein). The FMR in pinned soft metallic films (such as permalloy) has recently been studied in some detail, where the pinning was due to the exchange coupling to an adjoint antiferromagnetic layer [18, 19] . Here, however, the metallic nature of the ferromagnet was not taken into account since the thickness of the layers considered was much smaller than the corresponding skin depth, hence the magnet could be treated as an insulator. The effect of pinning on surface impedance and FMR spectra for metallic magnets has been studied for half-infinite sample geometries [4, 20, 21] and a single film [22] . The effect of pinning on the impedance of thin films and multilayers has, to our knowledge, not been discussed.
In this paper a general theory of impedance and surface impedance is developed for describing single-layer ferromagnetic films as well as ferromagnetic/nonmagnetic/ferromagnetic multilayers allowing for screening in all the layers and including the magnetization dynamics, relaxation and exchange effects. Furthermore, the present theory allows for arbitrary pinning at any or all of the magnetic surfaces, which is found to have profound effects on the properties of the structures under study. The results are presented in the explicit analytical form, which facilitates the comparison among various theoretical models as well as interpretation of experiments.
The paper is organized as follows. In section 2 the general equations of the model are introduced and the model approximations are discussed. In sections 3 and 4 we review the surface impedance and impedance for a singlelayer magnetic film with free spins at the surfaces. Some of the results presented here are well known. However, we consider it to be useful to present them in an explicit analytical form, which later enables a comparison of the results for different excitation configurations. The 'equivalent isotropic permeability', the concept introduced in [5] to facilitate interpretation of experimental results, is analysed. The effect of pinning on the surface impedance and impedance of a single-layer film is studied in section 5, both symmetric and asymmetric pinning being analysed. The impedance of a magnetic three-layer film with pinning is considered in section 6. Some derivations are given in the Appendix.
Theoretical background
Let us consider a magnetic film of thickness 2d and conductivity σ , schematically shown in figure 1 . The magnetization is taken to have an easy axis along z. The x-axis is directed along the normal to the film plane. The film length, l, and width, b, are taken to be much greater than the thickness, so the film can be treated as infinite in the plane with the fields uniform along y and z.
The dynamics of the magnetization in the film is described by the Landau-Lifshitz equations for the magnetization vector, M,
where M 0 = |M| is the saturation magnetization, g is the gyromagnetic ratio, λ r is the phenomenological relaxation constant (the Gilbert form of the dissipation term is used here; for details on modelling magnetic relaxation and various forms of the dissipation, see [23] and reference therein) and H eff is the effective field. The latter is a sum of the exchange, anisotropy and external field contributions:
where α and β are the exchange and anisotropy constants, respectively, and H is the magnetic field subject to Maxwell's equations
Here
, is the electric current density, E is the electric field induced by the time-varying magnetic field, E 0 = e z U/ l is the electric field due to an externally applied voltage, U , σ is the conductivity of the film and c is the light velocity. In (6) we have neglected the displacement current term since the retardation effects due to this term are negligible in the GHz frequency range. According to the standard procedure of analysing linear effects in magnets, the Landau-Lifshitz equations are linearized with respect to a small deviation of the magnetization vector from its equilibrium orientation. Putting M = M 0 e z + m(x, t) and assuming that the amplitude of the excitation field is small enough (no external dc field), the linearized Landau-Lifshitz equations can be written in the form
where ω 0 = gM 0 , ω a = gH a and H a = βM 0 is the anisotropy field. Primes and dots denote derivatives with respect to the x coordinate and time, respectively.
It is easy to see that in our geometry only the z component of the electric field and current density are nonzero. Hence, (6) can be written as
It should be noted that there is one more solution, for which m = 0. However, in the geometry under consideration, with the equilibrium magnetization parallel to the current direction, this purely electromagnetic mode is not excited. In other configurations, such as that of GMI, this mode must be accounted for [13, 24] .
The total current, I , can be obtained by integrating the second equation in (8) over the film cross section:
A solution of the set of linear equations (7)- (8) can be sought in the form of a linear wave:
(we use an imaginary 'wave vector' q instead of ik for convenience). Substituting (10) into (7)- (8), a set of equations for the field amplitudes is obtained (H x is excluded by using the first equation in (8)):
where q 0 = (1 − i)/δ, and δ is the classical skin depth:
A nontrivial solution to this set of linear homogeneous equations is found by putting its determinant to 0. This defines a secular equation for the wave vector, q. Introducing the following dimensionless parameters
the secular equation can be written in the form
This equation was first obtained and analysed in [5] for the FMR and SI in a semi-infinite ferromagnet. In [16] the same secular equation (with somewhat different notations) was shown to be valid for a ferromagnetic wire.
Since (14) is cubic in p (bicubic in q), a general solution to (7)- (8) for a fixed ω contains a sum of six partial waves (or their linear combinations):
Similar expressions for H x , m x , m y , E z can be written, with coefficients that are linear combinations of A j and B j , which in turn are determined from the boundary conditions on the film surfaces (or interfaces between the layers in a multilayer structure). In principle, all these coefficients can be obtained in an explicit form for the boundary conditions (3) with arbitrary values of the pinning parameter at the magnetic surfaces. However, the expressions thus obtained are very cumbersome, and some simplifications would be in order. Following [5] 1. Thus, all the dimensionless parameters in (14) are small, p 0 , , a 1, which lead to p 3 1. As a result, the coefficients A 3 and B 3 are small and the corresponding terms have a negligible contribution to (15) . Two other roots,
are small, |p 1,2 | 1. However, for typical film parameters |p 1,2 | |p 0 |, hence |q 1,2 | |q 0 |. In the low-frequency limit (ω → 0) one of the roots vanish, p 1 p 0 / a ∼ ω → 0, while the other remains finite, p 2 a . It is easy to see that the above approximation corresponds to neglecting all coefficients but 4πω 0 in the left-hand side of the first equation in (11), i.e. to m x −i m y . Hence the boundary conditions (3) can be satisfied by a sum of four partial waves in (15) rather than six.
In the magnetostatic limit, α → 0, one of the roots of (14) is proportional to p 0 , p 1 p 0 /( a − 2 ), and the corresponding wave vector q 1 always remains finite:
µ ⊥ in the frequency range ω 4πω 0 coincides with the transverse permeability of the magnetic film [11] , ω K = (4πω 0 ω a ) 1/2 is Kittel's FMR frequency for a thin magnetic film. Two other roots of (14) are finite in the limit α = 0, and the corresponding values q 2 2,3 ∼ p 2,3 /α → ∞. Thus, there are only two partial waves contributing to the solution (15) and no boundary conditions on m in the magnetostatic approximation. Equation (17) demonstrates the well-known fact that in the magnetostatic approximation the effective skin depth in a soft ferromagnet is much smaller than its classical value, δ eff = δ/µ 1/2 ⊥ δ, due to large µ ⊥ : in the static limit µ ⊥ = 4πM 0 /H a ∼ 10 3 , and δ eff /δ ∼ 10 −1 -10 −2 .
Surface impedance and effective permeability of a single-layer film
We begin by calculating the simplest case of the surface impedance of a ferromagnetic film subject to an external excitation by a uniform ac magnetic field directed perpendicular to the equilibrium magnetization, M 0 , i.e. the field is identical at the two film surfaces and equal to H ext = H 0 e y . We refer to this configuration as parallel excitation.
Since the problem possesses an obvious symmetry with respect to the plane x = 0, the magnetic field inside the film must be an even function of x, H(−x) = H(x). It means that, in the general expression (15) , coefficients A j = 0, and, omitting the term corresponding to the large wave vector, q 3 , the magnetic field distribution can be sought in the form
Using (8), m y and E z become
(here no voltage is applied to the sample, i.e. E 0 = 0). The boundary conditions at the film surfaces have the form
The latter condition corresponds to free spins at the surfaces. A more general case with pinning will be discussed in section 4.
Using (18), (19) and (21), we can readily express the coefficients B 1,2 in terms of H 0 . Substituting these coefficients into (20), we obtain the surface impedance, ζ p = ζ zz ,
where r 1,2 = q 2 1,2 − q 2 0 . In the limit of large thickness, |q 1,2 d| 1, coth(q 1,2 d) 1, using (16) , ζ p becomes
where ω 2 * = ω 2 K − 4π iλ r ω 0 ω. This expression coincides with the classical result by Ament and Rado [5] for the surface impedance of a half-infinite ferromagnet. For a finite value of the film thickness and relatively low frequencies, the approximate expression (23) 
where the transverse permeability, µ ⊥ , is defined in (17).
As shown above, in the magnetostatic approximation (neglecting exchange effects) |q 2 | → ∞, q 2 1 µ ⊥ q 2 0 , so (22) can be written in a simple form [10] :
For thick films, |q 1 d| 1, this becomes
For the sake of comparing their theoretical results with experimental data, Ament and Rado [5] introduced a concept of an 'equivalent isotropic permeability', µ equ , that relates B and H in such a way as to yield the correct surface impedance. It is easy to show that with B = µ equ H the expression for the surface impedance takes the form of (26) with µ ⊥ → µ equ , where
In the magnetostatic approximation, µ equ for a half-infinite ferromagnet coincides with the transverse permeability, µ ⊥ . The main effect of the exchange interaction is a shift in the FMR frequency. The above definition of the equivalent permeability, however, is inadequate for films. Indeed, in the static limit (ω → 0) the equivalent permeability should approach µ 0 = 4πM 0 /H a , regardless of the thickness of the film (as is the case with µ equ for a half-infinite sample). By substituting (22) 
(the term 'effective', rather than 'equivalent', is used to distinguish this quantity from µ equ (27)). B y is a measure of the magnetic flux in the film. Using Maxwell's B y = (ic/ω)E z , one obtains a simple relationship between the effective permeability and surface impedance, ζ p :
One can easily verify that µ eff (ω), the real part of which is plotted in figure 2 along with µ equ (ω) and µ ⊥ (ω), has a physically sensible low-frequency limit: for ω → 0, µ eff (0) = µ ⊥ (0) = 4πM 0 /H a . Moreover, in the limit of small thickness, |q 1,2 d| 1, where the surface impedance is described by (24) , µ eff (ω) = µ ⊥ (ω) for any exchange strength, which means that the magnetostatic approximation is adequate in this limit. In the vicinity of the resonance, where |q 1,2 d| 1, µ eff (ω) differs from µ ⊥ (ω). For any finite frequency, µ eff → 0 for d → ∞, which is natural since then d δ eff , the magnetic field is concentrated within a surface layer of thickness ∼δ eff and the average flux vanishes, B y → 0. The total flux, however, remains finite for d → ∞, being proportional to µ eff · V (V is the film volume), and is the quantity measured in numerous experimental configurations.
A relationship between µ equ and µ eff can be found by comparing (27) and (29):
Impedance of a single-layer film
We continue by analysing the impedance of a single-layer film, Z = U/I, where an external harmonic voltage, U, is applied to two opposing edges of the film along the equilibrium magnetization direction. In contrast to the previous case, the fields are induced by a current caused by the applied voltage, and the magnetic field has an axial symmetry, i.e. it is an odd function of x, H(−x) = −H(x) (antiparallel excitation). This means that in (15) the coefficients B j = 0. Omitting the term corresponding to the large wave vector, q 3 , the magnetic field can be sought in the form
where E 0 = U/ l. The boundary conditions have the form
where
H (ext) y and E (ext) z
are the magnetic and electric fields outside the film. It should be noted that in the case under consideration, these fields are not given and should be selfconsistently calculated using Maxwell's equations. It is well known (see e.g. [1] ) that the electric field calculated for any structure with at least one infinite dimension diverges at infinity. The standard approach to avoid this divergence is to use a cut-off distance of the order of the characteristic size of the structure, in our case the length of the film, l. We shall, however, use a result of a direct calculation of the external fields created by a slab conductor with current [12] :
where 
The total current through the film cross section, I, can be found using Ampere's law (9) and (37):
D is obtained by substituting (31) and (35) in (34) and solving the resulting set of linear equations for the coefficients A 1,2 and D. Naturally, these coefficients are proportional to E 0 = U/ l appearing in the right-hand side of (33). Taking into account (37) and (38), one obtains the following expression for the film impedance:
The first term in (39), Z e , is the so-called external impedance of the film. The corresponding part of the inductance, L = −Im(Z)/ω, is equal to
This expression contains only geometric parameters of the film and is the well-known inductance of a planar conductor [3] (the factor 1/c 2 is due to our choice of the Gaussian system of units). The second term in (39), Z i , includes the magnetic properties of the film and can be called the internal impedance. In the static limit (ω → 0), (39) correctly reduces to the dc resistance of the film, Z(ω = 0) = R dc = l/2bdσ . In the magnetostatic approximation (α → 0), the intrinsic impedance (41) reduces to the well-known expression (see e.g. [3] ):
Z i is simply expressed through the 'antiparallel' surface impedance, ζ a , a quantity closely related to the surface impedance obtained for parallel excitation, ζ p :
We note that ζ a can be obtained directly by fixing the value of the electric field at the surface (E z (±d) = E 0 ) and computing the value of the magnetic field, H y (d). Then ζ a = E 0 /H y (d) . Note that this formulation of the problem is just the inverse to that used for obtaining ζ p , where the value of the magnetic field at the surface (H y (±d) = H 0 ) is fixed and E z (±d) is then calculated. In the magnetostatic approximation, (44) reduces to In the large d-limit, |q 1,2 d| 1, ζ a coincides with ζ p and is described by the Ament-Rado result (23) . For samples of finite thickness, however, the behaviours of ζ a (ω) and ζ p (ω) are substantially different. The difference is particularly pronounced in the low-frequency limit, where ζ p ∼ ω → 0, whereas ζ a remains finite, ζ a c/4πdσ.
In figure 3 we plot the real part of ζ a (44) and ζ p (22) (normalized to ζ 0 = c/4πσ d) as a function of frequency for two values of the film thickness, d = 0.2 µm (a) and d = 1 µm (b). For the thinner film, ζ p and ζ a are quite different in the dc limit as well as in the resonance region. Moreover, due to the exchange contribution the resonance frequency of ζ a (ω) (curve 2) is up-shifted from the Kittel frequency, ω K , whereas that of ζ p (ω) (curve 1) remains unchanged (in the magnetostatic approximation, the resonance frequency of both functions coincides with ω K ). For d = 1 µm ( figure 3(b) ), the two curves are distinguishable only in the low-frequency range. At higher frequencies, which includes the resonance region, ζ p (ω) ζ a (ω). The resonance frequency for both functions is up-shifted from ω K , but the shift is smaller than that for ζ a (ω) of the thinner film ( figure 3(a) ). This shift of the resonance increases for ζ p (ω) and decreases for ζ a (ω) with increasing thickness, in both cases resulting in the same value of the resonance frequency predicted in [5] for a half-infinite ferromagnet.
This difference in behaviour of the surface impedance, ζ p (ω) and ζ a (ω), is entirely due to the difference in the symmetry of the excitation: even for a uniform external field (parallel excitation) and odd for an external voltage applied to the film (antiparallel excitation). When the film is excited by an external uniform ac field having equal values at x = d and x = −d, the intrinsic excitations (modes) present are even in magnetic field (18) and odd in electric field (20) with respect to x. In the case of an external voltage applied to the film resulting in a net current through the film, the magnetic field is an odd function of x (31) and the electric field is an even function of x (33).
Pinning effects
In this section we discuss the effect of pinning on the impedance and surface impedance of a single-layer film. As mentioned in section 1, surface pinning can be effectively described by introducing appropriate boundary conditions for the magnetization vector (3). For our geometry these boundary conditions have the form
Here we consider symmetric pinning (the difference in sign is connected with the different directions of the external normal to the surfaces). A more general case will be discussed later.
Since the boundary conditions (46) are invariant with respect to substitution x → −x, the fields can be sought in the form (18)- (20) for parallel excitation and in the form (31)-(33) for antiparallel excitation. Using the same procedure as in the previous section, we obtain the following expression for the surface impedance:
For a film with pinning, Z = Z e + Z i , where the external impedance Z e is given by (40) and the intrinsic impedance
In the case ξ = 0, (47) and (48) reduce to (22) and (44). In the limiting case of strong pinning, ξ → ∞, (47) and (48) take the form
For |q 1,2 d| 1, both (47) and (48) reduce to
, (51) which essentially coincides with the result obtained in [4] for a half-infinite ferromagnetic metal.
In the small d-limit, |q 1,2 d| 1, ζ p and ζ a are substantially different:
Z i = (2πl/bc)ζ a → R independent of the pinning strength, whereas for ζ p we have
with η = αξ/4πd = β s a s /4πd, a dimensionless parameter proportional to the pinning strength. Expression (53) does not contain conductivity. Consequently, the properties of ζ p in the small d-limit are the same as those in nonmetallic ferromagnets. The latter have been studied extensively in [6] . Therefore, we will only mention that for strong pinning (or small thickness) where η 1, ζ p −iωd/c and the effective permeability µ eff 1. This means that for strong pinning the magnetic subsystem of the film is not excited and the film behaves like a nonmagnetic one.
In figures 4(a) and (b) we plot the frequency dependence of the real part of ζ p (a) and ζ a (b) for ξ = −2 × 10 5 cm −1 and ξ = ∞ (completely pinned spins). The additional (to the main FMR) peaks in ζ p (ω) and ζ a (ω) correspond to higher-order SWRs in the film caused by the pinning. For free surface spins, these resonances exist as well. Their amplitudes, however, are negligibly small [6] and seldom observable.
In a more general case, the boundary conditions for the magnetization are characterized by different values of the pinning parameter, ξ 1 and ξ 2 (asymmetric pinning):
These boundary conditions remove the symmetry of the system with respect to the plane x = 0. Therefore, solutions to (7)- (8) with boundary conditions (54) cannot be classified according to their parity. This means that solutions must be sought in the general form (15) with both A j and B j nonzero. Moreover, in this case of arbitrary pinning ξ 1 = ξ 2 the surface impedance at one surface (ζ (+) at x = d) differs from that at the other surface (ζ (−) at x = −d). Neglecting in (15) the terms corresponding to q 3 , the fields and magnetization for both the parallel and antiparallel excitations can be written in the form 
Since the magnetic field in the present case is not odd in x, the relation between the total current and the surface value of the magnetic field (9) must be modified. By integrating the first equation in (6) over the film cross section and using (37), we obtain
D 1,2 are found by substituting (55)-(57) in (34) for H y , E z and in (54) for m y . After some rather cumbersome but straightforward calculations, the expression for the film impedance can be obtained in the form (39), with the external impedance, Z e , defined by (40). The expression for the intrinsic impedance, Z i , is similar to (58) but has much more cumbersome coefficients, and therefore we shall not write it out here. In figure 6 we plot the normalized real part of the impedance for three configurations: ξ 1 = 0, ξ 2 = 0 (no pinning), ξ 1 = 0, ξ 2 = ∞ (asymmetric pinning) and ξ 1 = ∞, ξ 2 = ∞ (complete pinning at both surfaces). As can be seen from the figure, pinning substantially reduces the impedance magnitude, shifting the first resonance to higher frequencies and causing oscillations corresponding to higherorder spin excitations. 
The impedance of a three-layer film
Let us now consider a multilayer structure shown in figure 7 , consisting of two identical ferromagnetic layers of thickness d 1 and conductivity σ , separated by a nonmagnetic conductor of thickness 2d 0 and conductivity σ 0 , where σ 0 is usually much greater than σ . This type of a magnetic multilayer is frequently studied experimentally as it holds a promise for a number of advanced applications. The material properties of the magnetic layers are taken to be those of soft magnetic alloys, and same as those of the single-layer film discussed in the previous sections.
To calculate the impedance of this structure, one needs to solve a set of the Landau-Lifshitz equations (7) in each of the two magnetic layers and Maxwell's equations (6) in five space regions depicted in figure 7. In the magnetic layers these equations reduce to (8) , therefore the fields and magnetization have the form of (15):
The '−' sign in (62) corresponds to the upper magnetic layer (d 0 < x < d, n = 1), and the '+' sign to the lower magnetic layer (−d < x < −d 0 , n = 2). In the conductor (−d 0 < x < d 0 , n = 0) the field distributions are where q s = (1 − i)/δ s , and δ s = c/(2πωσ s ) 1/2 is the skin depth in the conductor. Outside the film, the field distributions are taken in the form (60).
Noting that the total current through the multilayer is determined by the expression similar to (61), the impedance of the three-layer structure, which we denote Z 3 , can also be expressed in terms of the coefficients D 1,2 :
The coefficients A In a three-layer film there are four magnetic surfaces and, in principle, all four pinning parameters at outer surfaces (ξ 1,2 at x = ±d) and interfaces (ξ 3,4 at x = ±d 0 ) can be different. In this general case the expression for the impedance is enormously complex and can be analysed only numerically. That is why we restrict our discussion to the following three important cases: 
For the cases (a) and (b) the three-layer structure is symmetric with respect to the plane x = 0 (now laterally crossing the conductor, not the magnetic layers). Hence, the magnetic field, H y (x), and magnetization, m y (x), are odd functions of x and A (2) 
In the case (c) there is no symmetry with respect to the plane x = 0 and relations (66) between the coefficients do not hold. Calculating the coefficients D 1,2 for the cases (a)-(c) and substituting them into (64), we obtain the impedance of the three-layer, which we denote Z (k)
The external impedance, Z e , is given by (40), and the internal impedance, Z
i , can be written in the form
Expressions for P (a,b) and Q (a,b) are rather cumbersome and are given in the Appendix. Expressions for P (c) and Q (c) , which correspond to the asymmetrical case, are not written out because of their extreme complexity.
In practice, the conductivity of the conductor is much greater than that of the magnetic layers. In this case the ratio |νq s /q 1,2 |, with ν = σ/σ 0 , is proportional to (σ/σ 0 ) 
In the magnetostatic approximation (α → 0, |q 2 | → ∞), the impedance Z 3 , naturally, does not depend on the boundary conditions for m y and (67) reduces to the result obtained in [12, 14] : 
For |νq s /q 1,2 | 1, this becomes
In the dc limit impedance for parallel excitation, ζ p (22) . Qualitatively, when the conductivity of the conductor is much greater than that of the magnetic layers, the current flowing through the multilayer is mostly concentrated in the conductor and induces an almost uniform magnetic field across the magnetic films (nearly parallel excitation). When the thickness of the conductor becomes sufficiently small, the factor coth(q s d 0 ) increases and an increasing portion of the current flows through the magnetic layers, the approximations (69) or (71) are no longer valid. In figure 8 the normalized real part of the impedance of the multilayer is shown for cases (a)-(c) as well as the magnetostatic limit (70) for some typical geometrical and material parameters. For no pinning case (a) the exchange effects are weak and the magnetostatic approximation (dashed line) can be adequate.
Pinning, however, which can not be analysed in the framework of the magnetostatic approximation, causes significant changes in the impedance, both its magnitude and resonant behaviour.
Conclusion
The present work extends the theory of FMR and SWR for analysing the high-frequency properties of ferromagnetic metallic films and magnetic/conductor/magnetic multilayers by explicitly treating screening, magnetization dynamics and relaxation, and effects due to the exchange interaction and spin pinning at the magnetic surfaces. It is shown that the surface impedance depends strongly on the type of excitation the system is subject to. Two generic cases are considered, a symmetric or parallel excitation by a uniform external field and an asymmetric or antiparallel excitation by a voltage applied to the sample. The results for the impedance and surface impedance are shown to be substantially different for these two cases. The symmetry of the excitation determines which normal modes of the magnetic sub-system are excited. Surface pinning of the magnetization for thin film structures essentially determines their high-frequency response, leading to a reduction in the magnitude of the impedance and surface impedance, large shifts of the FMR frequency and large enhancement of the high-order resonances, which are negligibly weak in the absence of pinning.
